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Abstract

This is a step-by-step walkthrough of the argument in the OpenAl manuscript “Finite Time
Blowup for Navier—Stokes” — the claim, the construction, and the closing argument of §10.3 —
with a machine-verdict attached to every step where a machine can decide it. Each part has two
lanes: a main lane in plain language, and a technical lane with the actual estimates. The walk
ends where the argument breaks: the pressure-flux estimate (10.19), whose derivation rests on
three claims that are each false for every admissible choice of cutoff, and whose bound is false
under its own quantitative hypotheses — with a counterexample family whose pressure flux is
nonzero while the right-hand side of the estimate is exactly zero. The companion counterexample
paper [? ] carries the full construction; this paper carries the walk.

Part 1
The claim

The paper’s claim is a single sentence, and it is worth reading slowly.

manuscript p. 1 #2

Theorem 1.1. For every v > 0 there exist a force f € C°(R? x (0,00); R?), a compact set K C R?, and
smooth velocity and pressure fields u, p on R3 x [0, 1) satisfying

Ou+ (u-V)u —vAu+ Vp = f, V-u=0, u(-,0) =0, (1.1)
such that supp u(-,t) Usupp p(-,t) C K for every 0 < ¢ < 1,

sup [lu(t)||z2ms) < oo,  limsup [|u(t)||p~gs) = oo.
0<t<1 11

\ J

Main lane. For any viscosity, the paper constructs a force (smooth, compactly supported) and
a solution that starts at rest, stays bounded in energy, and blows up in velocity as ¢ T 1. The
constructed solution does not solve the equations up to time 1 — that is the point. The claim that
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matters for the Millennium problem is the second half of §10.3: no smooth solution with the same
force, zero initial data, and bounded energy can exist either.

The non-existence clause: the constructed u satisfies the equations on [0, 1), sup,; |[u(t)||2 < Ey < o0,
and limsup,4q [|u(t)|lc = 00 (equation (10.21) of the manuscript). If any smooth solution v with the
same data and sup, ||[v(t)||2 < oo existed, the comparison argument of §10.3 gives v = u on every
[0,T], T < 1 — hence on [0,1) — contradicting (10.21). That is exactly alternative (C) in Fefferman’s
formulation [1]: bounded energy is assumed, and existence is denied.

Checkpoint 1 cp-claim

Evidence: manuscript p.1 (Theorem 1.1, quotes #q-thm11, #q-noclause in [? ]); the comparison-lemma
consumption is p.123

Main lane, continued. The construction itself — a blow-up solution built on an auxiliary torus
and glued into R3 — is the first 90 pages. We do not walk it here: it is the part the machines can
and did check, and the walk that matters for the verdict is the closing argument, §10.3, where the
paper proves no smooth solution can avoid the blowup.

The construction’s output, as used by §10.3: a solution u on R? x [0,1) with (i) the equations (1.1),
(ii) supyq lu)ll2 < Eo, (iii) limsup,qy |u(t)]|ee = oo (eq. (10.21)), (iv) uniform bounds on Vu in
space-time compacts of [0,1) that feed the constants Cr of §10.3. The §10.3 argument consumes only
(i)—(iv) and the force.

Part 11
The argument, step by step

The closing argument has one shape: compare the constructed solution u with any putative smooth
solution v, and show the difference w = v — u must be zero. The difference is not a solution of the
same equations (the equations are nonlinear), so the argument bounds the energy of the difference
on an expanding ball and pushes the ball radius to infinity.

For R > 1 and a smooth cutoff ¢ (equal to 1 on the unit ball, supported in B.), write xg = ¢sr and
1/2

ER@):(/XRW)W, Ant) = ( [xal¥ul?) . Bal®) = [oamole

The difference-energy identity (after subtracting the two equations, integrating by parts, and recovering
the pressure difference m = P — p via the Riesz transforms, eq. (10.16)) closes to

$ER + $A% < ||Vullso Er + flux terms,

where the flux terms come from [ 7w - Vxgdz through the annulus where Vg # 0. The two flux
sums are (10.18).



Step 1 — the pressure recovery. The pressure difference is recovered from the velocity
difference by the Riesz transforms. This is mechanical, and the manuscript is explicit about it.

m=P—p=3,; RiR; (viv;—uu;) (eq. (10.16), with R; the Riesz transforms). The flux [ mw-Vxr dz
splits into two sums (10.18): one pairing the L3/2-small first sum with CR~¢3r|w|, and one pairing
the commutator against Vxr/R-type kernels.

Checkpoint 2 cp-structure

Evidence: manuscript p.122 (eqs. (10.16), (10.17), (10.18); quotes #q-setup, #q-firstsum in [? ])

Step 2 — the first flux sum. One sum in (10.18) is bounded in L*?2 by Cr(Bg + 1): the
w ® w part via Bg||lwl|2, the w ® u part via ||w]|2||ulls.

|parwiw;||z/2 < Brllwllz, |parwiujllz/2 < [[wll2llulle = | llaj2 < Cr(Bgr +1),

using sup, ||w(t)|l2 < Mo and sup, ||u(t)|le < Uy (the latter from Sobolev on the bounded energy). This
step is correct as stated.

Step 3 — the commutator. The second sum is a commutator of the Riesz kernel with the
cutoff; it is bounded in L*/3 by CrR~3/* via Young’s convolution inequality.

The kernel is Kp(z —y) = Clz — y| > min(|z — y|/R, 1); its L*/3-type integral is fOR r=2/3dr /RY/3 +
f;o r~2dr < CR™!, and Young gives the L*/3 norm of the convolution as CrR™3/* (the R3/% =
(R~1)3/* interpolation of the L' /L halves). This step is also correct as stated.

Checkpoint 3 cp-kernels

Evidence: manuscript p.122-123 (quotes #q-firstsum, #q-young in [? ]); the kernel computation re-
derived in [T ], §3.4

Step 4 — the pairing, and (10.19). Here the argument makes the move that does not go
through. The paper claims the two flux terms pair with CR™'¢sgr|w|, then interpolates ¢3zrw
between L2 and L° to get the bound in terms of Br and ||w]s.



The claimed pairing and its consequences (manuscript p.123, quote #q-pairing in [? ]):

e “IVxgr| < CR™'¢7p” — false: suppVyxr C [8R,8cR] while ¢7g = 0 on (7cR,0); the shell
(7cR, 8cR] is nonempty;

. ‘Epair Wit]h CR'¢3g|w|” — impossible: supp ¢3r C Bsc.r C Bgg, disjoint from the flux support
8R,8cR];
11%/2 1/2 5

o “lpsrwls < ||p2rw||3” — reversed for the standard cutoff (and the second link to By ~||w||;

the only one that holds).

The conclusion the paper draws — (10.19), the flux bounded by CrR~Y(Bg + 1)B11;,//2 + R‘g’/‘LBf%/4 =
does not follow.

Checkpoint 4 cp-defect

Evidence: manuscript p.123 (quote #q-pairing in [T ]); the three false claims in [T ], §2.3 — each false
for every admissible cutoff

Step 5 — the closure (as claimed). Using (10.17) to replace every Ar by Br + R7!||w]2,
every power of Ag in the flux bounds would be at most 3/2 < 2, and Young’s inequality would
absorb the A terms into the dissipation:

Claimed closure (manuscript p.123, quote #q-usingl7 in [? ]):

Op

15, + §4% < | VulloBa + ST,

after which Gronwall on Fr, the R — oo limit (using xg 1 1), and the difference-energy identity give
w =0 on [0,T] for every T' < 1 — Lemma 10.5.

Step 6 — the contradiction. With v = w on [0,1) and (10.21), no smooth bounded-energy
solution with the same data exists. The theorem is claimed.

Lemma 10.5 (the comparison lemma): any smooth solution v with the same force, v(-,0) = 0, and
sup;>q [[u(t)|]2 < oo satisfies v = u on R3 x [0,1) — contradicting lim sup;; [|u(t)|oc = oo (eq. (10.21)).
Hence Theorem 1.1’s non-existence clause, hence alternative (C) [1]. The chain’s load-bearing estimate
is (10.19) — the step that fails.

Checkpoint 5 cp-chain

Evidence: manuscript p.125-124 (Lemma 10.5 and the closure; quote #q-usingl7 in [? ]); the Lean-side
chain in NavierStokes/R3/WholeSpaceUniqueness. lean:30--104




Part 111
Where the argument breaks

The failure is not in the kernel estimates, not in the pressure recovery, and not in Gronwall. It is
in the support bookkeeping of the flux pairing: the estimate the paper needs is about a quantity on
the annulus [8R, 8cR)], and the quantities it proposes to control it with live strictly inside the ball.

Main lane. Think of the geometry. The flux [ 7w - Vg dz measures what leaks through the
boundary of the ball of radius 8 R — the integrand is zero everywhere except the shell between S8R
and 8cR. But Br = ||p4rw||¢ is an average over the much smaller ball By.g, and ||w||2 is a global
average. A flux through a remote shell cannot be bounded by averages over the interior — and the
counterexample makes that precise.

Counterexample (full construction in [? ], §3). For every € > 0: smooth divergence-free u, v. = u+ )
with suppe¢ C (8,16), we = e, m. = Y R;R;g;; with g. = v.v. —uu. Then By = |pswe|l¢ = 0
exactly (the support of ¢ starts at 8, where ¢, is already zero), all the quantitative hypotheses of the
derivation hold (||w.||2 = O(e), S tr|lge|l1 = O(€)), and yet, by FFT Riesz transforms on a 64° grid:

—1.652947¢ — 022 =1
= —4.132369¢ — 032 &= 0.5 (ratio 0.2500 = 0.2500) > 0 = RHS of (10.19), for all Cr.

‘/ﬂsws -Vx1dx
—1.652947e — 042 ¢ = 0.1 (ratio 0.0100 = 0.0100)

The exact €2 scaling is structural (the flux is bilinear in w. through the cross terms), not a fit.

Checkpoint 6 cp-cf

Evidence: counterezample/counterezample-1019.py (numpy only; regenerates all numbers above from
counterezample/results. json); the paper’s numbers are generated, not hand-typed — [? |, Appendiz A

Main lane, the direction of the dependency. What does the right bound look like? The
fork’s own Lean code — the object the verification job actually verified — proves the flux bound with
the dissipation Ag in it:

Lean (verified; NavierStokes/R3/PressureFlux.lean:584):

’/ﬂ'w'VXR

This is exactly “the weighted dissipation inside the ball” the paper’s own purpose sentence promises
(quote #q-purpose in [? ]) — and it is the type of bound the geometry requires: the flux through
[8R,8cR] is controlled by what happens inside, through the dissipation, not by the L% average on a
smaller ball. Note the arrow: (10.17) gives Bg < C(Ag + R71||w]|2), so Bg is controlled by Ar — the
other direction, which a Bg-only flux bound would need, does not exist.

Ap 1
< Or(BY? +1) (f + ﬁ) +RT/ABYA,

Checkpoint 7 cp-arrow

Evidence: fork NavierStokes/R3/PressureFluz. lean:584 (comparator-checked, [2], mapping table row
10.3-fluz); the direction argument in [? ], §4




Main lane, the honest scope. In the paper’s argument w = v — u is the difference of two
solutions; the counterexample uses general smooth divergence-free fields. It proves (10.19) is not
a consequence of the quantitative hypotheses the derivation invokes — the derivation is invalid and
the estimate is false, not merely unproved. Whether a Br-only bound holds for solution-differences
is an open question. The published derivation does not establish it, and the Lean code does not
prove it either.

Part IV
What remains, and what it means

Main lane. Three things are settled, and one thing is open.

1. Settled: the page’s (8.19) is sound. The other flagged divergence — the auxiliary-torus inverse
estimate — we formalized in Lean, and the kernel accepted the paper’s argument as written:
r torus derivatives of the inverse are bounded by r+44 input derivatives, via the summable
(1+|k|)~ majorant and the symmetric (14|n|)~3/2 split. The Lean code proves a stronger
m+>5 version; the page’s m+4 version also holds.

2. Settled: the code is a different argument. The verified Lean code proves the Ag-dependent flux
bound, not the page’s Br-only one. A fully green verdict verifies the code, not the paper’s
argument.

3. Settled: the repair’s ingredients hold. The corrected estimates (10.19)" and (10.17)" — the
flux bound with the L% norm measured on a ball that covers the annulus, and the matching
Sobolev inequality — are formalized in the fork and kernel-verified.

4. Open: the closure. Whether the corrected flux bound closes the difference-energy inequality
and the full Gronwall/R — oo chain is not yet formalized. That is the next step, and until it
is done, “the repaired argument works” is a reading, not a verdict.

The four items as machine-verdicts:

o (8.19): NavierStokes/SmoothFamilyTorusInverse.lean:1109
(norm_derivativeWord_inverse_le_m4, fork 9bbfa7b) — kernel-accepted, single attempt;

o the code’s argument: mapping table rows 10.3-flux vs. the page’s (10.19) — [2], §3;

o the repair: NavierStokes/R3/Paper1019Repaired.lean:187--240 (fork 24b1944) — kernel-
accepted;

o the closure: open row of the mapping table — not a verdict.

Checkpoint 8 cp-819

Evidence: fork 9bbfa7b (NavierStokes/SmoothFamilyTorusInverse.lean:1109); the full formaliza-
tion in [2], §2




Checkpoint 9 cp-code

Evidence: [2] mapping table (16 rows, each machine-checked against the fork at file/line/commit); the
signed verification report (job 31974058-a665-472d-b6f8-00esec9e2d45)

Checkpoint 10 cp-repair

Evidence: fork 24b1944 (NavierStokes/R3/Paper1019Repaired. lean:187--240); status and the open
closure row in [2], §4-5

Main lane, the lesson. A green verification verdict is a specific claim: the Lean object proves
itself, under the permitted axioms, re-checked by a second kernel. It is not a claim about the page.
The gap between the two — the alignment question — has to be worked, symbol by symbol, with
the kernel as referee for what is formalizable and a counterexample for what is not. That is exactly
what this series is: [? ] (the counterexample and the defect), this paper (the walk), [2] (the verified
object and the mapping), [3] (the code itself, in detail).
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